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Abstract 

In de Sitter (dS) special relativity (SR), two kinds of conserved currents are 
derived. The first kind is a 5-dinrensional (5d) dS-covariant angular momentum 
(AM) current, which unites the energy-momentum (EM) and 4d AM current in 
an inertial-type coordinate system. The second kind is a dS-invariant AM current, 
which can be generalized to a conserved current for the coupling system of the 
matter field and gravitational field in dS gravity. Moreover, an inherent EM tensor 
is predicted, which comes from the spin part of the dS-covariant current. All the 
above results are compared to the ordinary SR with Lorentz invariance. 
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1 Introduction 

The de Sitter (dS) special relativity (SR) [1-9] is a hypothetical theory with global dS 
invariance, which is well motivated, at least for the following reasons. Firstly, the dS 
symmetry is one of the three highest symmetries for a 4-dimensional (4d) metric with 
Lorentz signature [3, 10]. Secondly, the observed cosmological constant may be related to 
that of dS SR, with new observable effects to be investigated. Thirdly, in dS space, there 
exist inertial-type coordinate (IC) systems where all the coordinate lines are geodesics 
[4, 5]; the energy, momentum and 4d angular momentum (EMA) of a classical particle 
can be defined in the IC systems, and unified in a 5d dS-covariant angular momentum 
(AM) function [4, 5]. Moreover, it is shown that [11, 12] in the R + /3S abc S a b c models 
of gravity [13], where R is the scalar curvature, j3 is a parameter, and S a b c denotes the 
torsion tensor, the dS symmetry together with a Kaluza-Klein-type ansatz may play a 
key role in removing the initial singularity of the Robertson-Walker universe. 

In this paper, we are going to find the definitions of the EMA currents for a dS- 
covariant matter field in dS SR, which should be important for the foundation of dS 
SR as well as the quantum field theory on dS space [1, 2, 8, 14-16]. To do this, we 
study the conservation law corresponding to the dS and diffeomorphism symmetries of 
the matter field. It is shown that, the conserved current is a 5d dS-covariant AM current, 
whose components can be identified as the EMA currents in an IC system. Although the 
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energy-momentum (EM) current is not covariant, the EM tensor can be well defined, and 
it is found that the spin part of the dS-covariant current contributes to the EM tensor, 
with the contribution proportional to A 1 / 2 , where A is the cosmological constant. 

Note that the generalization of the dS-covariant current in dS gravity [11, 17-20] is a 
variational derivative with respect to the dS connection [21]. For the coupling system of 
matter and gravity, the variational derivative should be equal to zero on account of the 
gravitational field equation. Accordingly, we also analyze another kind of conservation law 
in dS SR, with respect to a one-parameter group of entangled dS transformations, which 
consist of the internal dS rotations and external isometric transformations, sharing the 
same generators. The corresponding conserved current is a 5d dS-invariant AM current, 
which can be generalized to a conserved current for the coupling system of the matter 
field and gravitational field. 

The paper is arranged as follows. In section 2, the EMA conservation laws are reviewed 
in the ordinary SR with Lorentz invariance. In section 3, the EMA conservation laws are 
derived in dS SR, and it is shown that the EM tensor contains an inherent part, in addition 
to the ordinary orbital part. Finally we end with some remarks in the last section. 

2 Lorentz special relativity 

In the ordinary SR on the Minkowski space A4 m , consider a Lorentz-covariant matter 
field 0 with the action integral S and Lagrangian function 2§? as follows: 

S = [ 22 ?e, 22 ? = = 5f(0,9 a 0,c.c.,e“ a ), (1) 

Jn 

where fl is an arbitrary domain of A4 m , e is a metric-compatible volume element, d a is the 
ordinary derivative of any Minkowski coordinate system, a is an abstract index [22, 23] 
which can be changed into any tetrad or coordinate index by taking the corresponding 
component, c.c. denotes the complex conjugates of the former quantities, and e a a is the 
dual of an orthonormal tetrad field e a a , with the tetrad index a = 0,1, 2, 3. Let 

fl ->• Q t = 0 t [fi], 0 0 t = T{g t )M), e a a ->■ e “ a = g? p <j> u e p a (2) 

be symmetry transformations forming a one-parameter group, where t is the group pa¬ 
rameter, g t = are elements of the special Lorentz group SO(l, 3), T stands for a repre¬ 
sentation of 0(1,3), 4> t are diffeomorphisms, and 4>t * denote their pushforwards. Suppose 
that the matter field equation SS/Sip = 0 is satisfied, it follows from the invariance of the 
action integral under Eq. (2) that 

Q 

d a r + ( 3 ) 

oe a a 

where 

<922? 

ja = 7vTT W + c.c. + J?v a , 
od a 0 

<5 = (d/dt)\t=o, and v a is the generator of (f> t . Making use of the arbitrariness of A a p 
5g a p, v a and d a v b at any given point, it follows that 


(4) 




where 


is the canonical EM tensor, 


^a^~OLp ^[ol/3]) 

(6) 

d^ , d^ „ 

(7) 

dd.A* +cx '- 

dS£ 

S * a = -oo-T d^ + c.c. + J£5 a b 
dd a ip 

(8) 

rj a = TJi/j + c.c. 

dd a y 

(9) 


is the Lorentz-covariant spin current, Tj 1 are representations of the Lorentz generators, 
and the tetrad indices are lowered by r] a p = diag(—1,1,1,1). According to Eqs. (5)-(6), 
d a J a a = d a J a ^ a = 0 (see, for instance, Ref. [24]), where 


Jo? = £ q q , ( 10 ) 

jJ a = Tj a + V Pl x b S a] °, (11) 

and xP are the Minkowski coordinates corresponding to the tetrad field ep a . The above 
two equations present the Lorentz-covariant EM and AM currents in Lorentz SR. 

On account of Eqs. (4), (8) and (9), 


J a = A a prJ ia + v b E b ? (12) 

and hence 

d a J a = i:J(dpv a -A a p), (13) 

where dp = d/dx^. If the diffeomorphisms (ft t are isometric transformations entangled 
with the Lorentz rotations gt, or explicitly, 


= A a px p e a a + B a e, 


a 

a ? 


(14) 


where B a are constants, then a conservation law d a J a = 0 follows, where J a given by Eq. 
(12) becomes 


J a = A a p{rJ a + x^ 0 ?) + B a T 10 ? 

= A a pjJ a + B a J a ? (15) 

which is the Lorentz-invariant conserved current with respect to the one-parameter group 
of symmetry transformations given by Eqs. (2) and (14). 

Note that the generalizations of J a a and J a ^ a in Lorentz gravity [25, 26] are variational 
derivatives with respect to the tetrad field and Lorentz connection. For the coupling sys¬ 
tem of matter and gravity, these variational derivatives should be equal to zero due to the 
gravitational equations. On the other hand, the Lorentz-invariant J a can be generalized 
to a nonzero current for the coupling system, which is conserved in the sense that its 
torsion-free divergence vanishes [21, 27, 28]. 
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3 de Sitter special relativity 

Consider a dS-covariant matter field ip on a dS space, with the action integral and La- 
grangian function as follows: 


s= see, ^ 


(16) 


where d a is the ordinary exterior derivative, £, A are the 5d Minkowski coordinates restricted 
to the 4d dS hypersurface M.i defined by t]abP, A P, B = l 2 , Vab = diag(— 1 ,1, • • • 1), A,B = 
0,1, • • - 4 are dS indices, and / is a constant with the dimension of length. Note that the 
dS metric g ab = rjAB(d a ^ A )(d b ^ B ) enters the Lagrangian via d a £ A . Suppose that 


Q -A Q t = (j) t [Q\, ip -A ip t = T(g t )cp u 'ip, £ a ->■ = gf B <Pt*t, 


B 


( 17 ) 


are symmetry transformations forming a one-parameter group, where g t = g A s are ele¬ 
ments of the special dS group 50(1,4). Provided the matter field equation is satisfied, 
the invariance of the action integral under Eq. (17) leads to 


where V a is the metric-compatible, torsion-free covariant derivative, and 


(18) 


r = 


dd a ip 


5ip + c.c. + Jz?u a . 


(19) 


The arbitrariness of A A b = Sg A s, v a and V a v b at any given point results i 


m 


where 


is the orbital EM tensor, 


° „ „ <9Jz? a d££ , 

VaEfe “ dt Adbi + dd a ^ VbVa ^ ’ 

(20) 

• a (d& t dA£ \ 

VaTAB ~ ^fl^I 1 dd a £A da ^ B] ) ’ 

(21) 

d& J , d :Sf 

dd ^ + c - c - = a, u a ' 1,a ' 

(22) 

of 

^b a = - in —d b iP + c.c.+J?S a b 
udaW 

(23) 

Ba Bj | 

Ta = r,, , J- A w + C.C. 

od a yj 

(24) 


is the dS-covariant spin current, T A B are representations of the dS generators, and the dS 
indices are lowered by t]ab- Let us define 


\ A Ba = s b a ^ c (v 6 e [c )e sl , 

(25) 

V A Ba = Eu Ba + TA Ba , 

(26) 
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where the abstract index is raised by the inverse of g ab . With the help of the identities 


v a £ A v“£ B = n AB -^ A e/l 2 , 

(27) 

V„,VW' = -g ab t A ll\ 

(28) 

and Eqs. (20)—(21) , it can be shown that 


V a E A Ba = 0. 

(29) 

In order to compare the above equation with Eqs. (5)—(6) , let us define 


Vb a = V A Ba (d b Z A )(2Z B /l 2 ), 

(30) 

vr = V A Ba {d b e){d % B ), 

(31) 

and 77“ , T b ca in the same way, then it holds that 


t r a v' a \ a l/ca ca 

V b = + r b , 14 = r b , 

(32) 

and Eq. (29) leads to 

V a 14“ = R c dba r c da , 

(33) 

V a^bc = R[6c] j 

(34) 

where R c dba is the curvature tensor of V a; and has the expression R cdab 

= 29a[c9d\b/P Oil 


A4.1. A comparison of Eqs. (33)-(34) and Eqs. (5)-(6) shows that 14“ is the canonical 
EM tensor in dS SR. In fact, the generalization of V a a in dS gravity is just the canonical 
EM current defined as the variational derivative with respect to e a a [21]. According to 
Eq. (32), the difference between 14“ and E&° is the inherent EM tensor 

r b a = T A Ba (d b £, A )(2£ B /l 2 ) ~ l~\ (35) 


which is originated from the dS spin ta Ra and has the order of magnitude of A 1 / 2 ^ where 
A = 3 /l 2 is the cosmological constant. The existence of this inherent EM tensor is an 
important feature for dS SR. To obtain r b a we need a dS-invariant Lagrangian on the dS 
space, but the construction of such a Lagrangian is nontrivial. Here we give an example 
for a Dirac held ip with the Lagrangian constructed as follows: 

= ii(V>7“d a V> - d a ip - irrnpip, (36) 

where i is the imaginary unit, ip — ip'^ 0 , 7“ = r ] A d a £ > A-, 


7" = 





(37) 


% — 1, 2, 3, a 1 are Pauli matrices, and 7 4 = i7°7 1 7 2 7 3 . It is noteworthy that the Lagrangian 
(36) is a function on the dS space, while the Lagrangian given by Ref. [2] is a function 
on the 5d Minkowski space. The Dirac-like equation with respect to Eq. (36) is 

7“d a 0 -imp- 27 A i A ip/l 2 = 0. (38) 
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( 39 ) 


Substitution of Eq. (36) and T AB = |[7 A ,7 B ] into Eqs. (24) and (35) yields 

n a = + c.c.. 

Now we turn to the problem of how to define the EMA currents in the IC systems. 
Without loss of generality, let us discuss the domain on A ii with £ 4 > 0. The inertial-type 
coordinates on this domain can be defined as follows [5]: 

(40) 

where /i = 0,1, 2, 3 is the coordinate index. Making use of these definitions, defined 

by Eq. (25) can be expressed as 

= (Z/2)M/, £/“ = rf°x {a M^, (41) 

where 

m; = e;(^ + xV 2 )> (42) 

x tl = rj^y = diag(—1,1,1,1), and r?*" 7 is its inverse. It is seen that M^ a can be 

identified as the orbital EM current in {x M }, and T,^ a can be identified as the 4d orbital 
AM current in { x M }. Then the meaning of T,^ Ba becomes clear: it is a 5d orbital AM 
current uniting the orbital EMA currents in {x M }. Furthermore, Va B<1 defined by Eq. (26) 
can be expressed as 

V, 4a = (Z/2)(M/ + V), V,™ = + t/°, (43) 

where S^ = T^ a (2/ 1 ), and, r^ 4 ", T^ a are components of ta b<1 ■ It is seen that M^ a + S 
can be identified as the EM current in {aA}, and V^ a can be identified as the 4d AM 
current in {x M }. Then the meaning of the conserved current Va Ba becomes clear: it is a 5d 
AM current uniting the EMA currents in {x M }. At the coordinate origin, M^ a coincides 
with the orbital EM tensor £&“, 5' /i a coincides with the inherent EM tensor 77“, and so 
M^ a + S^ a coincides with the canonical EM tensor Vb a . Likewise, V t / a coincides with the 
spin tensor Tb ca at the coordinate origin. 

On account of Eqs. (19), (23) and (24), 

J a = A A B T A Ba + v b Z b a . (44) 

Provided the diffeomorphisms fa are isometric transformations entangled with the dS 
rotations g t , or explicitly, 

v a = ( A A B i B d A ) a , (45) 

where &a are the 5d Minkowski coordinate basis vector fields, then a conservation law 
V a J a = 0 follows, where J a given by Eq. (44) becomes 

J a = A a b V A Ba , (46) 

which is the dS-invariant conserved AM current with respect to the one-parameter group 
of symmetry transformations given by Eqs. (17) and (45). 

Note that the generalization of Va Bci in dS gravity is a variational derivative with 
respect to the dS connection [21]. For the coupling system of matter and gravity, the 
variational derivative should be equal to zero due to the gravitational field equation. On 
the other hand, J a can be generalized to a nonzero current for the coupling system, which 
is conserved in the sense that its torsion-free divergence vanishes [21]. 
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4 Remarks 


The paper presents two kinds of conservation laws for a matter field in dS SR. The first 
kind is the conservation of the dS-covariant AM current (26), which unites the EMA 
currents of the matter field in an IC system. The second kind is the conservation of the 
dS-invariant AM current (46), which can be generalized to a conserved current for the 
coupling system of matter and gravity. Moreover, it is found that the canonical EM tensor 
contains an inherent part Tb a ~ A 1 / 2 originated from the dS spin ta B cl ■ The existence of 
the inherent EM tensor t^ 1 is a distinctive phenomenon in dS SR compared to the ordinary 
Lorentz SR. ft is interesting as a future work to analyze the observational effect of Tb a . 
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